The geometry of holonomic and non-holonomic reference systems is considered with the purpose of getting an intrinsic description of physical events taking place in the Earth's spatial region without being involved with a non-vanishing Cartan torsion and thus with non-integrable co-ordinates; furthermore it is shown that when a scalar field is a relevant physical parameter of the problem, the geometrical structure of the former is completely defined by a generalization of the Marussi tensor. Finally the non-Riemannian character of the geometry involved with a new definition of parallelism for vector quantities of geophysical interest is revealed.
Introduction
' Differential geophysics ' means the study of certain geophysical problems from the point of view of differential geometry; the name is borrowed from geodesy, into which the term ' differential geodesy ' was introduced (Bocchio 1973 ).
It has recently been shown that the geometry associated with certain ' natural ' reference systems of physical geodesy involve a non-vanishing Cartan torsion and thus non-integrable co-ordinates (Grafarend 1971 (Grafarend , 1972 (Grafarend , 1973a (Grafarend , 1973b Grossman 1974) ; dynamical meteorology is also concerned with non-integrable co-ordinates when a local description of atmospheric motions is attained by means of anholonomic reference systems (Defrise 1960 (Defrise , 1964 Defrise & Stessel 1966) . In physical geodesy the drawbacks of ' natural ' anholonomic reference systems have been avoided by the choice of ' physical ' holonomic triads (Marussi 1949; Grafarend 1973b ) involving the geopotential as the ' third ' co-ordinate; a very common choice for the latter in atmospheric dynamics is atmospheric pressure. In this paper the way to get physical holonomic triads for meteorology is shown; furthermore a description of the geometry pertaining to pressure fields and, more generally, to any geophysical problem in which a scalar field defined in the Earth's spatial region is a relevant physical parameter, is given.
In the last section of the present paper a more intrinsic definition of parallel transport is given with reference to those problems in which the displacement of a spatial direction is associated with a point of space, e.g. the moving axis of a tracking device, the changing direction of the force acting on a mass point in a central field, or the displacement of a body-fixed axis of an interplanetary probe pointing to a planet or to a star. Nevertheless, as often occurs, the physical simplicity of the description attained faces here the complication of the geometrical structure of space, which turns out to be non-Riemannian. The content of this section is a study of the non-symmetric connection involved.
2.
Anholonomic co-ordinates and differential geometry transformation formulae for the components of the linear elements are Let us consider two holonomic reference systems x i and Xi ( i = 1, 2, 3). The
The coefficients of the transformation (2.1) satisfy the obvious relations a ajsj a a x j a axj a axJ axi axk axk axi axi axk
If one or both of the co-ordinate systems xi, Xi is anholonomic the transformation formulae for the components of the linear elements are formally identical to equation (2. l), i.e.
(2.3) but the coefficients in (2.3) do not satisfy
any more. Consider, for instance, a point P in the Earth's spatial region referred to an 'absolute' Cartesian reference system X i . If, with reference to a spherical co-ordinate system (A, 4, p), a displacement of P is referred to a ' local ', reference system x i with x', x2, x3 axes pointing to east, north and upward from P we have dx' = p C O S~~A , dX2 = pd4, dx3 = dp. (2.4) The co-ordinates x i are anholonomic co-ordinates; there are no co-ordinates x i whose differentials are (dx', dx2, dx3); in other words the formulae (2.4) cannot be obtained from transformation formulae in finite form of the type x i = xi(A, 4, p).
It is well known that in a non-holonomic reference system $dxi # 0 (2.5) the path-dependence of the integral being due to the fact that the connection coefficients r j k i pertaining to anholonomic co-ordinates are not symmetrical quantities. We thus have
is the ' object of anholonomity '.
Anholonomic co-ordinates in geophysics
As far as I know there are two relevant cases in which anholonomic co-ordinates find application in geophysics; physical geodesy and dynamical meteorology. Where tne former is concerned, the ' natural ' or ' astronomic ' orthogonal triad, with unit Anholonomic reference systems were applied to dynamical meteorology by Defrise (1964) ; to this purpose he firstly suggests a reference system x i of the type defined by equations (2.4) with the air particle 0 as origin and unit base vectors directed east, north and upwards from 0. Defrise reveals clearly that this reference system is anholonomic and furthermore deduces the object of anholonomity, which turns out to be the other components being zero except Q 2 3 2 , Q13l, R z l l .
Besides the previous case Defrise studies a reference system which differs from the first only in the ' third ' co-ordinate, which is now atmospheric pressure, obviously an holonomic co-ordinate. Nevertheless this new choice does not change the character of the geometry, which is still involved with non-integrable co-ordinates. It is interesting to observe that the object of anholonomity (3.1) computed by Grafarend reduces to (3.3) when a spherically symmetrical geopotential W ( p ) is assumed.
Intrinsic geophysics
When a scalar field S defined in the Earth's spatial region is a relevant parameter of the geophysical problem under consideration, an intrinsic description of the latter not involving anholonomic co-ordinates is attained if we introduce curvilinear co-ordinates (A, 4, S ) and a ' physical ' reference system with base vectors, neither unit nor orthogonal, defined by i.e. co-ordinate differences become integrable and the object of anholonomity vanishes.
Obviously the geometry of the field is completely defined by (3.2) if only the Marussi tensor is replaced by S,, the generalized Marussi tensor, and g by lgrad SI .
Central connections
Central connections were introduced (Bocchio 1970 (Bocchio , 1973 ) with the purpose of showing the non-Riemannian character of the geometry involved with a new definition of parallelism for vector quantities of geodetic and geophysical interest. Consider, for the time being, a two-dimensional space.
Let 2: be a surface referred to a system of co-ordinates (ul, u2) and let the metric tensor gy be given. A surface vector Ti in P is said to be ' oriented ' to a ' pole ' Po if V is tangent in P to the geodesic joining P and Po. Let now G and T be the family of the geodesics radiating from Po and the family of their orthogonal trajectories respectively. Consider now a displacement ds, along the geodesic joining P and Po and then a displacement ds, along the orthogonal trajectory through the point previously reached; in doing so we arrive at a point P,,. Taking the displacements in the reverse order the point reached would be PZ1; in general the vector Ai = Pzl -Plz is not a null vector. Now let dl ui, d, ui be the infinitesimal vectors corresponding to the displacements ds,, ds, respectively. If we can find a vector transport law such that the angle between the displaced vector and the 'direction' of the pole remains unchanged and, in addition, the modulus does not change under the displacement, the ' arrows ' of the displaced vectors will coincide with the points PI,, P,, previously defined.
If r j k i denote the connection coefficients we have It is easy to see that the autoparallels of Z are the lines which intersect the geodesics radiating from the pole under a constant angle, i.e. the loxodromics of C.
Let us now consider, as an introduction to the three-dimensional case, an idealized experiment in which Po represents, for instance, a space object and T (Fig. 1 ) a unit vector rigidly connected with the axis of a tracking device in P. We might ask which is the type of vector transport law allowing a continuous tracking of Po. It is easy to see that Levi-Civita transport is not a suitable choice; furthermore it reduces to ordinary parallelism when the space involved is flat. In a Euclidean three-dimensional space referred to spherical co-ordinates let If the geometrical meaning of the rotation coefficients in Euclidean space is considered we see that the modulus of the closure vectors (5.10) is also given by It is easy to show that the connection is semi-symmetric and metric (Schouten In conclusion, the connection is given by It is interesting to point out that the Ricci's rotation coefficients computed with respect to the connection (5.21) satisfy the relation in which the bar means that the covariant derivative is taken with respect to the coefficients r j k ' . This result might be interpreted by considering the orthogonal triad associated with the co-ordinate system (4, 1, p) as a ' non-rotating ' triad with respect to the transport law involved here.
